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1 Introduction
[1],[2] �›�€�ß�t�`�o�r
†�b�”�}
�±�ï�Ò�Æ�ï�. (St.Venant-Kirchhoffmaterial, StVK material) �q�x�H�Ë Piola-Kirhhoff

� �— (second Piola-Kirchhoff stress) �q Green-Lagrange �ê (Green-Lagrange strain) �w
�����U
¢���p�K�”�Ï
R�Ü�›�Ë�m�s�M�s
ú�.�p�K�”�{�±�ï�Ò�Æ�ï�.�w�Ï
R�Ü�x�2�?
�¶�$
‡
¢��
Q�›�ß�€�`�h�¤�p�‹�l�q�‹�o	m�s�Ï
R�Ü�›�Ë�m�{�2�?�¶�$
‡
¢��
Q�›
�ß�€�`�o�M�”�w�p�G�!�� (�m�‡�“�s�8 ) �`�o�‹
¢���„
Q�.�w�‘�O�t�r�Á�b�”
Æ�×
µ
�s�r�›�˜�s�M�}�r�w�‘�O�s�P�‰�w
‡
¢��
Q�›�›�Ë�l�h
ú�.�p�‹�ê�U
•	–�s	Ô�ù�x

∗�\�•�x�h�•�l�†�M�¶	��U
r�)�§�`�h�\�q�›	{�V�y�Š�o�S�X
‹�h�å�p�b�}�V�l�q���§�Q�›���X��
�œ�p�M�‡�b�}�b�M�‡�d�œ�}�]�¦� �]�™�_�s�r�K�“�‡�`�h�’�­�Q�o�‹�’�Q�”�q���“�É�M�p�b�}
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� �— -�ê�����U
¢���p�K�“�z� �— -�ê�����U
¢���p�K�”�±�ï�Ò�Æ�ï�.�x�ê�U	–�^�M�Ì
�t�î�M�w
ú�í�q�‘�X�°�•�b�”�{�m�‡�“�z �G�!��
•	–�ê�ð�J�x�±�ï�Ò�Æ�ï�. �›�‘�X
�–�O

2 Constitution Tensor
� �— -�ê�����U�H�Ë Piola-Kirchhoff � �—�q Green-Lagrange �ê�p�G	\�^�•�o�M�”�h

�Š�z�°
`�$�t Total Lagrange �O�p�r
s�›�æ�O�{�\�w�q�V�t
ú�í�{���w�‹�q�`�o
ž�A
�s�w�x Green-Lagrange �ê�q�H�Ë Piola-Kirchhoff � �—�›�0� �n�Z�”�Ï
R�Ü�q�z�ê�q
� �—�w
•	–�!�=�›�0� �n�Z�”�Ï
R���Â�ï�¹�ç (Constitution Tensor) �p�K�”�{

�±�ï�Ò�Æ�ï�.�w�Ï
R�Ü�x Lamé �w�„
Q��
: (Lamé’s elastic constants, Lamé param-
eters) �›�;�M�o�Ž�<�w�‘�O�t	{�X�\�q�U�p�V�”�{

S = λ(trE)I + 2µE (1)

�\�•�›�z�Ú�¦�2
ª�%�p
R
ü
¯�Ô�b�”�q�Í�w�q�S�“�z

S i j = λEkkδi j + 2µEi j = λEklδklδi j + 2µEklδikδ jl (2)

�‘�l�o

S i j = Ci jklEkl (3)

�q�T�Z�”�{�`�`�Ï
R���Â�ï�¹�ç C �w
R
ü�x�z

Ci jkl = λδklδi j + 2µδikδ jl (4)

�p�K�”�{�\�•�›�›�Â�ï�¹�ç�p
¯�G�b�”�q�Í�w�‘�O�t�s�”

S = C : E (5)

�`�` C �x���Š�w�o�•�Â�ï�¹�ç I4 �›�;�M�o C = λ(I ⊗ I) + 2µI4 �q�T�Z�”�\�•�T�’
� �—�w
•	–�s
ÿ
ü�”�t�m�M�o�‹�Í�U
R�“�q�m

dS = C : dE (6)

C̄ghe f =
1
2

(Cghe f +Cgh f e) = λδe f δgh + µδgeδh f + µδg f δhe (7)

�\�•�’�›�;�M�•�y�z Total Lagrange �O�p�±�ï�Ò�Æ�ï�.�›�r
s�b�”�\�q�U�p�V�”�{
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2.1 �Â�2
ª
¯�Ô

�Ï
R���Â�ï�¹�ç�›�Â�2
ª
¯�Ô�b�”�q�Í�w�‘�O�t�s�”�} (�`�` gi j �x�-�”�Â�ï�¹�ç )

C = (λgi jgkl + 2µgikg jl)gi ⊗ g j ⊗ gk ⊗ gl (8)

�m�‡�“�Ï
R���Â�ï�¹�ç�w
S�!
R
ü�x�Í�w�q�S�“�t�s�”�}

C̄i jkl = λgi jgkl + µgikg jl + µgilg jk (9)

3 Implementation
�H�Ë Piola-Kirchhoff � �—�›�^�”�ç�”�Â�Ÿ�ï�q	s�8�ö
Q�æ�»�›�^�”�ç�”�Â�Ÿ�ï�w

�«�›�Ž�<�t�Ô�b�{

3.1 �H�Ë Piola-Kirchhoff � �—�›�^�”�ç�”�Â�Ÿ�ï

S i j = λEkkδi j + 2µEi j (10)

�\�\�p�z�Í�w�‘�O�t�Ó�é�¬�å�Ü�w�¤�p�!
:�U�0� �n�Z�’�•�o�M�”�q�b�”�{

• ndim:�í���w�Í�i�w
:

• nnoel:�A
É�K�h�“�w
…�:
:

• lambda=λ

• myu=µ

• stress[i][j]=S i j

• strain[i][j]=Ei j

�H�Ë Piola-Kirchhoff � �—�›�{�Š�”�ç�”�Â�Ÿ�ï�w�î
÷�«�x�Ž�<�w�q�S�“
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�Ó�é�¬�å�Ü 1: �H�Ë Piola-Kirchhoff � �—�›�{�Š�”
1 double stress[ndim][ndim];
2 {

3 double dtmp1 = 0.0;
4 for(unsigned int idim=0;idim<ndim;idim++){
5 for(unsigned int jdim=0;jdim<ndim;jdim++){
6 stress[idim][jdim] = 2.0*myu*strain[idim][jdim];

7 }

8 dtmp1 += strain[idim][idim];

9 }

10 for(unsigned int idim=0;idim<ndim;idim++){
11 stress[idim][idim] += lambda*dtmp1;

12 }

13 }

3.2 	s�8�ö
Q�æ�»�›�^�”�ç�”�Â�Ÿ�ï


:�‹
u
ü�›�;�M�o	{�X�q�Í�w�‘�O�t�s�”�{

[KLe]
p,q
i, j =

∫
Ve

∂S gh

∂uq
j

[
Bgh

]p
i

dV (11)

=

∫
Ve

C̄ghe f

[
Be f

]q
j

[
Bgh

]p
i

dV (12)

'
∑
α

ωαC̄ghe f

[
Be f

]q
j

[
Bgh

]p
i

Jα (13)

�\�\�p C̄ �x���o�s�Ï
R�Ü�Â�ï�¹�ç�p�K�l�h�w�p C̄e f gh �›
��»�q�`�o�Ë�h�c�t�Ú
€
�$�t	Ð�‰�›�æ�O�\�q�U�p�V�”�{

C̄ghe f

[
Be f

]q
j

[
Bgh

]p
i
= (λδe fδgh + µδgeδh f + µδg fδhe)

[
Be f

]q
j

[
Bgh

]p
i

(14)

= µ(
[
Bgh

]q
j

[
Bgh

]p
i
+
[
Bhg

]q
j

[
Bgh

]p
i
) + λ

[
Bgg

]q
j
[Bhh]p

i (15)

�\�\�p�z�Í�w�‘�O�t�Ó�é�¬�å�Ü�w�¤�p�!
:�U�0� �n�Z�’�•�o�M�”�q�b�”�{

• ndim:�í���w�Í�i�w
:

• nnoel:�A
É�K�h�“�w
…�:
:

• lambda=λ

• myu=µ
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• detwei=ωαJα

• emat[p][q][i][j]=[KNLe]
p,q
i, j

• stress[g][h]=S gh

• dEdu[p][i][g][h]=
[
Bgh

]p
i

	s�8�ö
Q�æ�»�›�^�”�ç�”�Â�Ÿ�ï�x�Í�w�‘�O�t�s�”�{

�Ó�é�¬�å�Ü 2: �H�Ë Piola-Kirchhoff � �—�›�{�Š�”
1 // 	s �8 �ö 
Q �æ �» �› �
 �` �\ �‰
2 for(unsigned int inoel=0;inoel<nnoel;inoel++){
3 for(unsigned int jnoel=0;jnoel<nnoel;jnoel++){
4 for(unsigned int idim=0;idim<ndim;idim++){
5 for(unsigned int jdim=0;jdim<ndim;jdim++){
6 { �y // m u �w �� �m �w �ò �› �
 �` �\ �‰
7 double dtmp1 = 0.0;
8 for(unsigned int gdim=0;gdim<ndim;gdim++){
9 for(unsigned int hdim=0;hdim<ndim;hdim++){

10 dtmp1 += dEdu[inoel][idim][gdim][hdim]*dEdu[jnoel][jdim][gdim][hdim]

11 +dEdu[inoel][idim][gdim][hdim]*dEdu[jnoel][jdim][hdim][gdim];

12 }

13 }

14 emat[inoel][jnoel][idim][jdim] += detwei*myu*dtmp1;

15 }

16 { // lambda �w �ò �› �
 �` �\ �‰
17 double dtmp1=0.0, dtmp2=0.0;
18 for(unsigned int gdim=0;gdim<ndim;gdim++){
19 dtmp1+=dEdu[inoel][idim][gdim][gdim];

20 dtmp2+=dEdu[jnoel][jdim][gdim][gdim];

21 }

22 emat[inoel][jnoel][idim][jdim] += detwei*lambda*dtmp1:dtmp2;

23 }

24 }

25 }

26 }

4 �r
s�«

�"�Ë�j�Š�t	O�—�›�»�Z�o�Â�[�”�r
s�›�±�ï�Ò�Æ�ï�.�q
¢���„
Q�.�t�m�M�o�æ�l
�o�7� �›�¬�Ý�`�h�{�Š�w�G�V�^�x�
�·�
���p�Õ�%�U�
��
ü�Â�z�y�%�U�

ü�Â�^�•
�o�M�”�{�Š�w�à�ï�¬�p�x 1000�z�Ù�ž�¹�ï
z�x 0.3�z� �—	Ý�6�x���Ø� �—�›�>���`�z
�Š�w�µ�S�x�
�z	O�—�x�<�²�V�t���›�T�Z�h�{


¢���„
Q�.�x�s�8�`�h
æ
ü�U�Ý�¿�³�á�U�r�Á �`�o�M�o
‡�q�î�$�s�!���›�`�o�M�”
�w�t�0�`�o�z�±�ï�Ò�Æ�ï�.�p�x�f�w�‘�O�s�q	Å�x�ˆ�’�•�c�×
µ�s�!���›�`�o�M�”�{
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$ 1: �r
s�Ý�¿�³�á

$ 2: �±�ï�Ò�Æ�ï�.�w�!
���w�7� 


$ 3: 
¢���„
Q�.�w�!��
�w�7� 
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